Distorted Cantor sets are created by generalising the concept of uniform Cantor sets. We construct an interesting distorted Cantor set which we call K. We highlight how it differs from Falconer's perturbed Cantor sets or Baek's deranged Cantor sets; we prove some results about it; and, outline some other results about it. We put forward a proof for the Hausdorff dimension of K. We offer constructions of other distorted Cantor sets and argue that there exists at least one distorted Cantor set without a well defined Hausdorff dimension.
Introduction
We develop distorted Cantor sets which are a generalisation of uniform Cantor middle k m sets and we contrast them to perturbed Cantor sets and deranged Cantor sets. Baek, Falconer, and others have investigated simple, perturbed, deranged, and random Cantor sets (see, for example, [1, 3, 5, 6, 7, 9, 10, 13] ) which all have the property of deletion of a middle segment from an interval; whereas, we investigate a generalisation of Falconer's uniform Cantor sets which we call distorted Cantor sets. Distorted Cantor sets have the property of deleting multiple segments from an interval and not necessarily the same number of segments per level of construction or which delete and then adjoin in an iterative pattern.
We also note we shall highlight the similarities and differences between Cantor middle k m sets, perturbed Cantor sets, deranged Cantor sets, uniform Cantor sets, or distorted Cantor sets.
Preliminaries
We define some terms or notation (where the term or the notation is used differently by different authors) for clarity; we assume familiarity with Real Analysis on the level of Rudin [11] . Let U = R throughout. We denote the cardinal naturals as N * , the ordinal naturals as N, and an initial segment of the ordinal naturals as N k = {1, 2, 3, . . . , (k − 1), k}. We use the terminology segment for (a, b) = {x|a < x < b} and interval for [a, b] = {x|a ≤ x ≤ b}. We note that the length of an interval ℓ ([a, b]) = |b − a| = b − a = ℓ ((a, b)) is length of the corresponding segment under the usual metric on R. Definition 2.1. A uniform Cantor set [7, p. 58 ] is derived by deletion of middle k m segments such that it is defined when ∃k ∈ N ∧ m = 2k + 1 where the construction of the set inductively defined so that the middle segments removed are of length m −n ∀n ∈ N and the number of disjoint segments 1 removed is k.
Definition 2.2. A generalised uniform Cantor middle
k m set is well defined if ∃β ∈ (0, 1) , ∃k ∈ N ∧ m = 2k + 1 where the construction of the set inductively defined so that the middle segments removed 2 are of length β · m −n ∀n ∈ N and the number of segments removed is k.
1 Let F denote the collection of segments ordered under the usual order of the reals. When the segments are so considered they are are equidistant to a previous or subsequent segment in the ordered collection.
2 Ibid. Definition 2.3. A β -uniform Cantor set is iteratively defined such that if ∃β ∈ (1, ∞) such that the construction of the set inductively defined so that the middle segments removed are of length β −n ∀n ∈ N and the number of segments removed 3 is m ∈ N * m < n. such that
Let σ be the proper strings of zeros and ones for the the defined C k k ∈ N. Inductively, C k+1 is constructed be deleting the middle segment from each I σ0 and I σ1 so that
= a k+1 and
The perturbed Cantor set relative to the sequences
A deranged Cantor set is defined as a generalised perturbed Cantor set (see [2] or [4] ) except in the construction of C k+1 k ∈ N * is constructed be deleting the middle segment from each I σ0 and I σ1 so that
is not necessarily a k+1 and
is not necessarily b k+1 (from [1] ). So,
sets, perturbed Cantor sets, and deranged Cantor sets (like, Cm, the classic middle 1 3 Cantor set) are iteratively defined at each level with equivalent numbers of deleted segments (one, three, five, etc.; typically one per interval) in the same manner throughout the construction. It is straightforward to show many of these sets have equivalent or the same properties and characteristics as the classic Cantor middle 3 rd set. A Cantor middle k m set could be confused with a Cantor set with the middle segment of length k m removed. However, we note that a Cantor set with the middle three-sevenths length segment removed is a perturbed Cantor set, P ( 
∀k ∈ N and heretofore will be referred to as such.
Whereas, the Cantor middle 3 7 set is a uniform Cantor set constructed such that:
. . .
So for perturbed Cantor sets we shall use the notation referencing the sequences defining the intervals, C (an,bn) and for uniform Cantor sets we shall use the notation referencing the number of deleted segments k and lengths of deleted segments 
Distorted Cantor Sets
What we are interested in are sets that are iteratively defined in similar manner throughout the construction but not the same manner -such sets are distorted Cantor sets or it is the case that in the construction of the set inductively defined so that there are multiple middle segments removed (not just one segment per interval removed) or there are middle segments removed (one segment or more removed per interval) then intervals added, then segments removed then intervals added, etc. such that the total length of the intervals added in a step does not exceed the total length of the segments removed previous to the addition of intervals in the construction of the set. Let us say the former is a type-1 distorted Cantor set and the latter a distorted type-2 Cantor sets. In this paper will concentrate on type-1 distorted Cantor sets exclusively.
4
A distorted Cantor set can be described as a generalisation of a generalised Cantor middle fractional set such that it is constructed inductively so that the middle segments removed are not necessarily of the same ratio in the sequence of construction levels to construction levels. Definition 3.1. A distorted Cantor set is defined as iteratively such that given the real sequence
∃p ∈ N β k = (2p − 1) defines the number of segments removed from each interval at the (k − 1)-level of the construction of the set leaving (k + 1) intervals where the length of each segment removed from the (k − 1)-level and each interval left in the k-level is (
th of the length of the interval at the (k − 1)-level.
To see how these kinds of sets compare and contrast, let us consider some constructions to create an example of a Cantor middle k m sets and an example of a perturbed Cantor set before constructing our distorted Cantor set.
Example 3.1. Consider the set F , a Cantor middle 1 5 set.
, . . . and lim
we derive a geometric series that sums to 1 3 by considering the lengths of the complements of each
=⇒ ℓ(F ) = 2 3 It illustrates that a Cantor set need not have measure zero; but it is perfect, compact, and uncountable (facile to prove). Note that F (the Cantor middle , a uniform Cantor set constructed by removing the two middle one-fifth segment from each interval. . . .
, . . . which inductively defines that lim
) Note we derive a geometric series that sums to one by considering the lengths of the complements of each
, ℓ(C is interesting, for it is compact, is uncountable, is totally disconnected, has measure zero, and more. Of special note is that one can construct an example of such a kind of generalised Cantor set that does not have measure zero and one can construct an example of such a kind of generalised Cantor that does have measure zero. 
It is an 'imbalanced' Cantor set since the 'right' interval's ratio of length is constant whilst the 'left' intervals have ratio of length that decreases from a ration of 11 24 at first then proceeding to 1 3 . We quickly review the concept of the dimension of point-sets (see [8] ). Whilst the definitions are quite involved, the understanding of the concepts of dimension and computation of them is not as difficult as the definition; therefore, we note using the Falconer [7] heuristic we compute as follows:
Let U = R. Let p be a point in [0, 1] . {p} has a Hausdorff dimension equal to its topological dimension which is 0.
Let U = R. , the Cantor middle three-sevenths set constructed by removing middle three-seventh segments of length 1 7 from each interval is compact, perfect, uncountable, totally disconnected, measure zero, and has Hausdorff dimension ln(4) ln (7) . Example 3.5. Consider the set C 4 9 , the Cantor middle four-ninths constructed by removing middle four-ninth segments of length 1 9 from each interval is compact, perfect, uncountable, totally disconnected, measure zero, and has Hausdorff dimension ln(5) ln (9) . We are only concerned with sets in the universe U = R with the usual metric, x ∈ R, y ∈ R → d (x, y) = |x − y|; hence the definition of the Hausdorff dimension for subsets of the real line suffices for the rest of this paper. Note inductively that the set C k m m = 2 · k + 1, k ∈ N, a Cantor middle k over m set constructed by removing middle k over m th segments of length 
Our Main Result
We present the distorted Cantor Set which we shall designate the Krizan set, K, which is created like the Cantor set by defining a first level:
Note ℓ(Z 0 ) = 1. The construction is defined by deleting segments from each preceding level (n ∈ N * ) ∀n ∈ N. So, we remove the middle third segment from Z 0 to create
We note that ℓ(Z 1 ) = 2 3 or ℓ(Z
Now, to construct Z 2 we remove the two middle fifth segments from each interval of Z 1 so that We note that ℓ(Z 2 ) = Next we remove the three middle sevenths from each existing interval of Z 2 to construct Z 3 . Then we remove the five middle elevenths from each existing interval of Z 4 to construct Z 5 , we remove the six middle thirteenth from each existing interval of Z 4 to construct Z 5 , etc. and therefore the Krizan set is:
To rigorously create K it suffices to start with the interval Z 0 = [0, 1] and define the deleted segment as S 1,1 to produce the set Z 1 = 0, S i,k . Therefore, we have K, the Krizan set, that is inductively defined as generalised intersection of the sets Z n n ∈ N * where each Z n is constructed from the level Z n−1 set as previously stated and
The levels Z 0 , Z 1 , Z 2 , and Z 3 illustrated
All of the proofs of aspects of K that follow, we opine, are rather direct so we highlight but a few.
Proof. Assume the premises. K is bounded by zero and one and it is the generalised intersection of closed sets; hence, it is closed. Since K ⊆ R the Heine-Borel Theorem applies. Thus, K is compact. Theorem 4.2. ∀b ∈ K, b is not an isolated point.
The argument to prove this theorem is almost identical to the argument that each point of C is a limit point of C; so, no point is isolated. Obvious from the fact K is constructed by nesting closed sets and an endpoint of an interval at a Z n -level is an endpoint of every interval a Z m -level for all natural numbers m ≥ n. Proof. Assume the premises. Consider K. We note |C| > ℵ 0 . Consider the construction of K and we note Z 0 = C 0 in the construction of C; Z 1 = C 1 in the construction of C. Define A 0 = C 0 and A 1 = C 1 . For all j ∈ N j ≥ 2 there exists a set, call it A j that is homeomorphic to C j by considering but the left most and right most component intervals of
A n . A is homeomorphic to C and so |A| > ℵ 0 . Since A ⊂ K this forces |K| > ℵ 0 .
The following are also quite facile: 
The Nature of the Dimension of the Krizan Set
Note that K is not a self-similar fractal. However, it is symmetric about 1 2
; so too C. We wondered about the Hausdorff dimension of K because we deduced quite easily that the topological dimension of the Krizan set is not 0 and since it is a subset of R it is 1. As for the Hausdorff dimension, since the Krizan set is a subset of R it must be in (0, 1]. So, we decided to consider the construction methodology of K, C, and Cantor middle k over m sets to arrive at a way to view the Hausdorff dimension of K.
Let us consider our construction of K again, like the Cantor set, define the first level Z 0 is the interval, [0, 1] and we create Z 1 = 0, , 1 . If we from this point onward do the construction as with the Cantor set, then we would have C whose Hausdorff dimension is ln (2) ln (3) . Of course, that was not done so we continue with the construction of K. Let is call C, H 1 for the discussion in this section.
We construct the level Z 2 by removing the two middle fifths from each interval similar to the construction of C 2 Now the Krizan set, K, is the generalised intersection of the sets (the levels), Z n n ∈ N * .
and H 2 have Hausdorff dimension
and H 3 have Hausdorff dimension
ln (4) ln (7) , C
and H 4 have Hausdorff dimension
ln (5) ln (9) , etc. So, our distorted Cantor set has Hausdorff dimension lim n→∞ d(H n ) where d (H n ) is the Hausdorff dimension of H n by the monotonicity property of Hausdorff dimension. The Hausdorff dimension is therefore lim n→∞ d (H n ) provided such limit exists; and, since such limit exists we can find the Krizan set's Hausdorff dimension.
The two theorems follow from the monotonicity and geometric invariance of Hausdorff dimension: A n , and H n is a set homeomorphic to a Cantor set with Hausdorff dimension h n which is constructed from A n onward as the construction of distorted Cantor set with Hausdorff dimension h n ; then, it is the case that the Hausdorff dimension of A must be greater than or equal to h n (provided it exists).
Theorem 5.2. Let U = R and A be a distorted Cantor point set where
A n . The Hausdorff dimension of A is lim n→∞ h n where H n is a set homeomorphic to a generalised Cantor set with Hausdorff dimension h n which is constructed from A n onward as the construction of Cantor set with Hausdorff dimension h n provided such limit exists.
Hence, we have inductively, the Hausdorff dimension of K to be lim
be the extension function
. We, therefore, note that:
by a simple application of L'Hôpital's rule to determine the lim x→∞ f | [1,∞) (x) ; which implies that lim n→∞ ln (n + 1) ln (2n + 1) = 1
So, we have created a distorted Cantor set where the Hausdorff dimension is equal to the topological dimension!
Discussion
Note that all of the sets (Cantor, middle k over m Cantor, and distorted Cantor) are created with a well defined deterministic pattern. We note, it is not necessary to have a deterministic pattern which we shall discuss in a subsequent paper.
Consider a uniform Cantor set, say, C 2
5
. It is defined by the constant sequence g : N −→ R g(x) = 2 5 defining the partitioning of an interval and the number of segments deleted. The distorted Cantor set is defined by the se-
similarly. So, any distorted Cantor set is defined by a well-defined sequence, {a n } ∞ n=1 so that a n = (k+1) (2k+1) k ∈ N. Thus, the family of distorted Cantor sets is well-defined as the collection of all such sets defined over all such sequences. For example, a distorted Cantor set is well defined where b n = (k+1) (2k+1) k = n 2 , n ∈ N and another distorted Cantor set is well defined where c n =
We note that it is facile to construct a distorted Cantor set that does not have a Hausdorff dimension:
, 1 by removing the two middle fifth segments from each interval of N 1 . Create N 3 be created by removing the middle one-third segment from each interval of N 2 . Create N 4 be created by removing the two middle one-fifth segment from each interval of N 3 . So, inductively we alternate the pattern of removal of segments from the preceding level of construction, N i i = 2 · a, a ∈ N is created by removing the middle one-third segment from each interval of N i−1 and N j j = 2 · b, b ∈ N is created by removing the two middle one-fifth segment from each interval of N j−1 . Such creates an alternating sequence of values for odd N j to limit to a Hausdorff dimension of ln(2) ln (3) but for even N j to limit to a Hausdorff dimension of ln(3) ln (5) . We therefore have defined the set
and note that from the definition of the Hausdorff dimension, N does not have a Hausdorff dimension since we are alternating the pattern of construction which forces the limit of the Hausdorff dimensions to not exist! We opine the Krizan set is more natural than a classic self-similar fractal since self-similarity does not seem to be a hallmark of nature but nature seems to create processes that are quasi-self similar (as is the case with the Krizan set). However, if one were interested in modelling nature, would it not behoove one to introduce some form of probability into the process (like random Cantor sets)? We shall do so in our next paper. We have been investigating changing the construction technique of the 'additive -deletion' distorted type-2 Cantor sets combining such with stochastic processes. We also will next allow for distorted Cantor sets that are not symmetric and investigate said. What does the non-symmetry ('lop-sidedness') do to the nature of the set? We will see what non-symmetry and stochastic construction (we opine the natural way to achieve said) do; we opine much and said has raised some interesting conjectures. In conclusion, we hope this research has provided some interesting results; but, also posits a stimulating collection of questions to ponder and solve.
